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Abstract. In this paper, we study the Gevrey regularity of spatially homo- 
geneous Boltzmann equation without angular cutoff. We prove the propaga- 
tion of Gevrey regularity for C°° solutions with the Maxwellian decay to the 
Cauchy problem of spatially homogeneous Boltzmann equation. The idea we 
use here is based on the framework of Morimoto's recent paper (See Morimoto: 
J. Pseudo-Differ. Oper. Appl. (2010) 1: 139-159, DOI:10.1007/sll868-010- 
0008-z), but we extend the range of the index 7 satisfying ■y + 2s £ (—1, 1), 
s £ (0,1/2) and in this case we consider the kinetic factor in the form of 
<I)(d) = |?;|T instead of (i))'' as Morimoto did before. 



1. Introduction 

We first introduce the Boltzmann equation for the spatially inhomogeneous case; 

Mt, x,v)+v- V,f{t, X, v) = Q{f, f){v), t e R+, w e M^ 

where / = f{t, x, v) is the density distribution function of particles located around 
position X S M"^ with velocity 1; e M"^ at time t > 0. The right-hand side of the 
above equation is the so called Boltzmann bilinear collision operator acting only on 
the velocity variable v: 

QiaJ)^ / B{v-v^,a){g'^f' -g^fjdadv*. 

Hereafter we use the notation / = f(t,x,v), /* — /(t, a;, u*), /' = f{t,x,v'), 
/* = /(^j 2;, w^), and for convenience we choose the cr- representation to describe the 
relations between the post- and pre-coUisional velocities, that is, for cr G 

, V + v^, |w — I , v + v^, \v — v^,\ 



2 2 ' * 2 2 

We note that the collision process satisfies the conservation of momentum and 
kinetic energy, that is, 



\v\^ + M^ = \vT + \v'J^. 



The collision cross section B{z, a) is a given non-negative function, and depends 
only on the interaction law between particles. By a mathematical language, that 
means B(z,a) depends only on the relative velocity \z\ — |w — u*| and the deviation 
angle 6 through the scalar product cos = - a. 
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In what follows, we consider the case in which the cross section B can be assumed 
to be of the form: 

B(v~v^,cos0)^<i>(\v-vJ)b(cos0), cose= ■ cr , < 6* < ^, 

\v — v^\ 2 

where the kinetic factor $ is given by 

- = |i; - w^p, 
and the angular part b with singularity satifies, 

sineb{cose) r--. K9-^-^', as 6*^0+, 

for some positive constant K and < s < 1. 

We remark here if the inter-molecule potential satisfies the inverse-power law 
potential U{p) = p~'-P~^\ p > 2, it holds that 7 = s = Generally, the 

case 7 > 0, 7 = 0, and 7 < correspond to so called hard, Maxwellian, and soft 
potentials respectively. And the case 0<s<l/2, l/2<s<l correspond to so 
called mild singularity and strong singularity respectively. 

In the paper we consider the Cauchy problem for the spatially homogeneous 
Boltzmann equation without cutoff, with a T > 0, 

( Mt,v)^Q{fJ){v), t e (0, T], z; e R", 
^ ' { f{0,v) = fo{v), 

where "spatially homogeneous" means that / depends only on t and v. 

Let us give a brief review about the study for Boltzmann equation. Since Grad 
introduced a cutoff assumption for cross section B due to the difficulties coming 
from the singularity of the angular part b, there have been a lot of results. And as 
for the non-cutoff theory, great progress has been made in recent years, for that we 
refer the reader to Alexandre's review paper [5]. And when considering non-cutoff 
Boltzmann equation in Gevrey spaces (see Definition 11.21 below) . Ukai in [18] shows 
that the Cauchy problem for the Boltzmann equation admits a unique local solution 
in Gevrey classes for both spatially homogeneous and inhomogeneous cases, under 
the assumption on the cross section: 

|B(|z|,cos6l)| < K{1 + \z\'"''+ |zp)6l""+i~2s^ „ jg dimensionality, 

(0 < 7' < n, < 7 < 2, < s < 1/2, 7 + 6s < 2). 

By introducing the norm of Gevrey space 

it was proved that in the spatially homogeneous case, for instance, under some 
assumptions for v and the initial datum /o(w), the Cauchy problem (jl.ip has a 
unique solution f{t, v) for t G (0,T]. 

We then turn to the work of Devillettes, he firstly studied in [TB] the C°° smooth- 
ing effect for solutions of Cauchy problem for spatially homogeneous non-cutoff case, 
and conjectured Gevrey smoothing effect. Some years later, he proved in |15j the 
propagation of Gevrey regularity for solutions without any assumption on the decay 
at infinity in v variables. 

So far there have been extensive studies on the Gevrey regularity of solutions. 
We remark that in [T7], Morimoto et al. considered the Gevrey regularity for the 
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linearized Boltzmann equation around the absolute Maxwellian distribution, by 
using a mollifier as follows: 

The same method was used later for many related research. We refer the reader 
to [II [9j [To] which were about the ultra-analytic smoothing effect for spatially 
homogeneous nonlinear Landau equation in the Maxwellian case and the linear and 
non-linear Fokker-Planck equations, and [8] which studied the Kac's equation (a 
simplification of Boltzmann equation to one dimension case). 

Recently Morimoto considered in [1] the Gevrey regularity of C°° solutions with 
the Maxwellian decay to the Cauchy problem of spatially homogeneous Boltzmann 
equation. We here consider the general kinetic factor $(|ti — w*|) — \v — v^:\'^ taking 
the place of the modified kinetic factor (^{\v — w*|) = (1 + |u — u*|^)'''/^ used in [I], 
and extend his results for the range of 7 by using some new estimates. 

In the paper we consider the mild singularity case < s < 1/2, and we assume 
that 

-1 < 7 -I- 2s < 1. 

In the case < s < 1/2, Huo et al. proved in [T3] that any weak solution /(i, v) to 
(II. ip satisfying the natural boundedness on mass, energy and entropy, namely, 

(1.2) / f{v)[l + \v\^ + log(l + f{v))]dv < +00, 
belongs to iJ+°°(R") for any < t < T, and moreover, 

(1.3) /eL-([to,r];i/+-(M")), 

for any T > and to G (0,r). And in the paper [3] Alexandre et al. considered a 
kind of solution having the Maxwellian decay, which means that, 

(1.4) there exists a (5o > such that e'^''^"^'/ G L°° ([to, T]; iJ+°°(R")) . 

We mention that we could assume to — in above equation by translation when 
considering the Gevrey regularity. Then we introduce the following definition: 

Definition 1.1. We say that f{t,v) is a smooth Maxwellian decay solution to the 
Cauchy problem if 

/>0, ^0, 

35q > such that e-'c^^)"/ e L°° ([0, T]; i/+°°(M")) . 

It should be noted that the same arguments as in the proof of Theorem 1.2 of 
[5| shows the uniqueness of the smooth Maxwellian decay solution to the Cauchy 
problem (|l.ip . 

Then before ending our review of Boltzmann equation, we recall the definition 
of Gevrey spaces G^{fl) where H. is an open subset of M". (It could be found in 

m-) 

Definition 1.2. For < s < +00, we say that f e G'in), if f E C°°{n), and 
there exist C > 0, A^o > such that 

W'fWmn) < Va e N", |a| > A^o- 
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// the boundary of is smooth, by using the Sobolev embedding theorem, we have 
the same type estimate with norm replaced by any norm for 2 < p < +00. 
On the whole space Q = M", it is also equivalent to 

e'°<^-^'>'^'"'\d^°f)eL^iW'), 

for some Cq > and /3o G N", where e"^"*^^^' ^* ' is the Fourier multiplier defined 
by 

If s = I, it is usual analytic function. If s > 1, it is Gevrey class function. For 
< s < 1, it is called ultra- analytic function. 

In the paper, we consider the smooth solution satisfying the fohowing assump- 
tions: 

Pi: The solution satisfying (|1.2p exists and satisfies (11.31) . moreover, has the 

same Maxwellian decay as (|1.4p . 
P2: There is a unique smooth Maxwellian decay solution to the Cauchy problem 

(jl.ip (similar as the case considered in [3]). 

Now we give our main result in the paper: 

Theorem 1.3. Let v > 1 (which is indepdent of s) and assume that < s < 1/2, 
— 1 < 7 + 2s < 1. Let f{t, v) be a smooth Maxwellian decay solution to the Cauchy 
problem (1.1). If there exist p' , S' such that 

(1.5) sup <+oo, 

then there exist p > Q and (5, k > with 5 > kT such that 

pl"l||e(^-*)(")^a,"/(t)|U. 

(1.6) sup sup j— — <+cx). 

Remark 1.4. It should be noted that the above theorem is similar as Theorem 1.2 
in [T], but we here extend the range of j and consider $ = 

By using the similar arguments as Section 4 in [I] , we obtain the Gevrey smooth- 
ing effect of order l/(2s) as follows: 

Theorem 1.5. Assume that < s < 1/2, -1 < 7 + 2s < 1. Let v = l/(2s) and 
let f{t,v) be a smooth Maxwellian decay solution to the Cauchy problem il.l]) . then 
for any tQ € (0, T), there exist p > and S, k > with S > kT such that 

7, pl^l||e(^-^0M^9g/(t)||^. 

(1.7) sup sup z—rr- < +00 . 

te[to,T] a {al}" 

The rest of the paper will be organized as follows. In Section 2, we will cite 
some definitions and main lemma as the authors of [1] did, then we could complete 
immediately the proof of Theorem ll.31 The proof of one main lemma will be given 
in Section 3, where we use some new estimates on the collision operator in the 
framework of [1], and obtain the new result improving the range of 7. 
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2. Proof of Theorem 11.31 

Firstly we introduce some basic definitions (see [I] for details). 
Let I, r ^ Z+ which will be fixed later. For S, p > we set: 

11,11, _P^"^\\{vye'^-y-d-f\\L2 

11/ \\6,l,p,a,r 



where a — (ai, a2, • • ■ , ckn) G 2" , and we denote 

(a - r)! = (ai - r)! ■ • • (a„ - r)! . 
Now we give the following defintion: 

(2-1) \\f\\l,p,r,N{t) = sup \\f\\5-i^t,l,p,a,r, 

rn<\a \ <N 

with fixed S, k > satisfying S > kT. Here N satisfying rn < |q;| < TV is a fixed 
large number. Then for h > I we could obtain 

(2.2) li/ll^p(l+/.)-^r,7v(^) < (^) ||/lkp,o,w(i). 

Now let p — p' in the above inequality and take a large enough h. Then it follows 
from the initial assumption (jl.5l) that ||/||;.p'(i+/i)-'^.,-,Ar(0) is as small as we want, 
where 6 can be chosen any positive less than S' > in (jl.Sp . 

So (|1.6p could be proved if only we could prove that (with p — p'(l + h)^^) 

(2.3) sup 11/11;. p.r,Af(i) < oo , 

te{o,T] 

under the assumption that ||/||i.p.r,jv(0) is sufficiently small. 

We mention that we will consider the Cauchy problem in M.^ in the paper. 

Lemma 2.1. //Z > 4 and r > 1 + — 1) then for any a satisfying 3r < |q;| < iV 
we have 

nt 

2 , o„ / II fi^wa 



(2.4) ll/(t)llL«M.p.a,r + 2^«/ \\f{T)\\U,t,l + l.p.o.,rdT 

Jo 

+ Tn / ll/('^)ll5-Kt,i+l,P,a,r.C^T, 

-LU 3r<|Q|<JV Jo 

where /3 = 1 — (7 + 2s). 

Then we could prove Theorem 11.31 with the same arguments as in Section 2 in 
[Tj, and we omit the proof here. The proof of this lemma will be given in the next 
section. 

3. Proof of Lemma [2TT] 



Let n = Hs,K{t) = e~^''~'^*)^*'^^ with 6 > kT. Since the translation invariance of 
the collision operator with respect to the variable v implies that (see [ISIIIH]), for 
the translation operator Th in v hy h, we have 

rhQ{f,g) = Q{Thf,Thg). 
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Thus we have 

a 
a' la' 



a")\ 



a— Q'+a 

Then we could obtain from Eg. dl.ip that 

I 



a'=iO 



Multiplying both sides of the above equation by /i ^ , we obtain 

(3.1) i^t + K{vf)i^^-'^:f)^^,-'Q{fJ^"y)+J2 



a".a" 



Set F = fi-^f and denote = /i^V'"^ for a e Z'|. Noticing that fifi^ = /^V'*, 
we get the following formula 



l^''Q{f,g) = Qi^^F,G) + jj - fi'JFiC'dv^da. 
Then it follows from p.ip that 



a—a^+a" 



Hereafter we denote Wi = (u)'. Multiplying by W^F^"^ both sides of the above 
equation and integrating with respect to w, we have 

(3.2) i|||W^,F(")f + «||Ty,+i^^Mf 



+ E -^JffB{f^.-f^:){F(-'^):{F(-ywtF(-Uvdv,d^ 



a'la" 

a— a'+a" 



=*l°'")(i) + J"(t) + /c"(0. 

Then multiplying by j-^Q^^)!}^'^ both sides of the above equation, and integrating 
from to t G (0, T], we obtain 



(3.3) \\fmL.t,i.p.c..r + 2^ \\fir)\\L.t,i+i.p.c..rdr 

Jo 
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Firstly we consider the estimate on " ''(^)- 



By (|321), we have 



Bin, - n',){F'^°''^y,{Wi^iF^°'"'>yWi+iF^°'Uvdv,da 

+ jjj - - WU){F^'-"^)'Wi+^F^''Uvdv,da 

=vl/g^"")(t) + vl,g-"")(i). 
Notice that, see Lemma 2.3 in [3], 

(3.4) \Wi.i - WU\ < Csin(0/2)(W^/_i + Wl,W!_2 + sm^'^^\9 /2)W;_^^,) 



< 



c{ewl_^wl, + e^-^wl_^ 



We spht \t) into Gi + G2 corresponding to the two terms of the right-hand 

side. On the other hand, we could get 

(3.5) \^l.-^l'^<ce^W -v'^\^ = ce^\v-vA^, a e [o,i], t g [o,r]. 

In the case of < 7 + 2s < 1, there exists a A e (0, 1) such that A > 2s, 7 + A < 1. 
So we have 7 + A > and \v' - < {v')^+^{v'^)^+^ immediately. Then we 

have 

Gi < jjj 6(cos6')6i-^+i|i;' -<P+^W^/„iVF{^,|(F("'))',||(i^("''))'||(W^i+ii^(")) 
< ///&(cos0)0^+i|(W^i+^+AF("'))t||(W^i_i+^+Ai^("''))'||(l^z+^ 



< 



1/2 



6(cos0)0^+i|(W^i+^+AF("')),||(T^i_i+^+Ai^("''))||(VF;+iF("))'|dt;d?;,da 
b{cose)e^+^ I {Wi+^+xF^-^'^ 1 1 {Wi^i+^+xF^'^"'^)\^ dvdv^da) ' 
( III 6(cos0)0^+i|(VKi+^+AF("')),||(VK/+iF("))fdt-rfw,da)" 



1/2 



— ^ '-'1,2 • 

Noticing < s < 1/2, we have J^^bicos 6)9^+'^ da < C. Thus 

Gi,i < C||Tyi+^+AF("')|Ui||M/,_i+^+Ai^("")||i.. 

By using the change of variables for fixed a and whose 

Jacobian satisfying: 



dv' 



dv 



cos2(6l/2) 



we have then 



Gi,2< jjj b{cos9)e^+^—^^^\{W,+^+xF("'yu\\{Wi+,F(^^)\^dvdv,da 
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So we could obtain in the case of < 7 + 2s < 1: 

Gi <C||H^i+^+AF(«')|Ui||W^,_i+^+;,F(«")||i2||W,+iF(«)|U2 
<C||WiF(«')|U2||W;F(«")|U.||Wi+iF(«)|U., 

ifZ>4>5/2 + 7 + Aby using the embedding 

Ll/2+M) C L\R% e > 0. 

And on the other hand, 
G2< JJJ 6(cose)^^+'->'-<P+^|(W-,_ii^("'));||(i^("''))'||(W;+iF("))|dudu.dCT 
-/// ^(''''^^)^^^^~^\(^l-^+^+>^^^"'^U\(^'r+\F^"''^^^^^ 

6(cos 6)6^+^'-^ I (W^+aF(«")) 1 1 {Wi+iF^''^y\^dvdv,da^ ^''^ 



—GJi X 62^2 ■ 
Firstly we have 

G2,l < C||W^+Ai^("")|Ui||W^z_i+^+AF("')||i.. 

As for G2,2, we use the change of variables u' = ^^^""^ cr whose Jacobian 

satisfying: 



sin2(i9/2) 



Then we have 



G2,2< jjj 6(cos^)^^+2'-2_^i_|(W-^+^F(«''))|K 

<C||W^^+,F("")|Ui||VFj+iF(")||i„ 

ifZ>4>2 + s — A/2. Hence we obtain 

<G|| IU2 ||T4^,f("") IU2 IU^. 

On the other hand if —1 < 7 + 2s < 0, we choose A = 2s. Noticing that 



< 



< 
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" '"'bicos9)0'^+'{i + \v' - i<i)|(Wi-^-2.i^("')):i 
J J J 

X \iWi-i+^+2sF^''''yy\\{Wi+iF^'''y)\dvdv,dc7 

: jjj b{cose)e^'+\i + \v- ^;.r+2n|,_,.|<i)|(w^i_^_2«f ("')),| 

X I (Wi_i+^+2.F(""' ) 1 1 (W,+iF(«) )' I dvdv^da 

6(C0S (1 + _ |7+2n,„_„. |<i) I (M/i_^_2.F("'))* | 

1 /2 

|(W,_i+^+2.F(""))|'dt;dv,da) 

6(cos 6)6^'+^ {l + \v-v. 1 |<i) I (W^i_^_2.i=^("'' )* I 

^ ^ ,2 \ 1/2 

X |(Ty/+iF("))'| 

_^l/2 ^1/2 

Wc mention that there exists a positive 6 such that 7 + 2s = 5 — 1, which implies 
that 

X(^;) = |t;p+2n|,|<ieL^. 
Choosing e = 35, we have x(^^) € L^. And since < s < 1/2, we have 

Gl,3 < C(||Wi_^_2«F(«')|Ui + ||W-i_^_2.F(«')||^3)||W-,_i+^+2,F(«")||i.. 
By using the change of variables w h- > w', we get 

Gm</// 6(cos^)e2^+i^^^^(l + |t;-^;.r2n|,_..|<i) 

X I (W^i_^_2sF(«'))* 1 1 (Wi+ii^(«)) 
<C(||m-^_2.F(«')|Ui + ||W^i_^_2«F(«')||^3)||W^,+iF(«)||i.. 

So we obtain in the case of — 1 < 7 + 2s < 0: 

Gi <C(||H^i_^_2.F("')|Ui + ||H^i_^_2«i^("')||^3)||l^,-i+^+2.F("")|U2 

<C||W^,i^("')|U2||W^;i^("")|U2||WHli^("^||L2, 

if Z > 4 > max {5/2 - (7 + 2s), 3/2 - (7 + 2s)} by using the embedding 
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And as for G2, wc have 

G2 < jjj 6(cos^)e'-i+"'*|t;'-<P+2"|(W-;_iF(«'));||(F(«''))'||(W-(+iF(«))|dt;rft;*d(7 

<jjj 6(cos^)e'-i+2«(l + |t;-t;,r+2n|,_,.|<i)|(M/,_i+^+2«F(«')),| 

X \{W-^-2sF^°'"^)\\{Wi+iF'^''^)'\dvdv^da 
<[jjj 6(cos^)0 (1 + \v- t;*r+2n|,_„.|<i) |(W^_^_2«f(""))| 

X \{Wi-i+-y+2sF^°' ')*\ dvdv^daj 

6(C0S ^)^2i-3+4s (1 + 1^ _ P+^n,,.,. |<i) I (W^_^_2,F("") ) I 



X |(W;+iF("))'|^rft;dt;*rfc7) 



1/2 



_r^V2 ^ ^1/2 

— ^^2,3 X <J2,4 • 

Then we have the following estimate: 

^2,3 < C{\\W-^.2sF<-""^\\li + \\W-^-2sF^""^\\^i)\\Wl 

By using the change of variables i)* v', we get 

G2,4< [ [ [ b{cose)e^'-''+^'-^—\iW--y-2sF^"''^)\\m^ 

JJJ sm [0/2) 

<C(||t^_^_2.F("")|U. + ||l^_^_2.F("")||^,)||W^,+iFM||i„ 

if Z > 5/2 — s. Hence we obtain 

G2 <C(||T^_^_2.F(«")|Ui + ||VF_^_2«F(«")||^3)||W^,_i+^+2,F(«')|U2 

<C|| W^;F(«') II W^,F(«") 11^2 II W^^+iFW IU2. 

if Z > 4 > max {3/2 - (7 + 2s), 1/2 - (7 + 2s), 5/2 - s}. 

So we have the estimate for ^'2"2'" ^ with —1 <7 + 2s < 1: 

(3.6) I^^V""'! < Gi +G2 < C||VF;F("')|U2||W^jF("")|U2||VFj+iF(")||i2, 
if Z > 4. 

As for \l/2°i'" \ we choose the A G (0, 1) such that A > 2s, 7 + A < 1 and hence 



1>7 + A>-1. IfO<7 + A<l, then we have 

<G JJJ Kcos 9)e^\v' - v'X+^ I (F("'))t 1 1 {Wi^iF^-^"^)' 1 1 {Wi+iF^-^^Jldydv^da 



<C|| VF^+aF(«') lUi II IU. II W^i+ii^^"' ■ 
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And if — 1 < 7 + A < 0, we could obtain the similar estimate as on Gi : 



X \{Wi-i+^+xF^''"^\{Wi+iF''-^^)'\dvdv,da 
<C7(||(W^_,„aF("'))|Ui + ||(W^_^_;,f^("'))||^3)||W^,_i+^+;,F("")|U. 

X ||W^,+iF(")|U2. 
So we have under the assumption — l<7 + 2s<l: 
(3.7) |vl/(^;^"'''| <C||W^zF("')|U2l|W^,F("'')|U2||l^,+iF(")|U2, 

if / > 4. 

Since ^^"2''""^ and have the same bound (see (j3.6l) and p.7p ) , we obtain 

(3.8) 

{(a-r)!}2^ - {(a-r)!}'' 

X ll/(OII<5 — K,t.l,p,a".r — nt,l-\-l.p.a,r- 

As for vp^^'"-' we decompose 

= (q(^^^, 1¥jF(")), VKiF(")) 

In order to estimate the first term vf^'^^"-' we cite the following coercivity estimate 
given in [4] (we mention that the form here is slight different from [4j because it 
need only to consider < s < 1/2). 

Lemma 3.1. Let < s < 1/2 and assume that the nonnegative function g satisfies 

llffllLi(R!',) + ll5||LlogL(R3) < 00. 



Then there exists a constant Cg > depending on B, ||5||l1(r3) and ||5||LiogL(R3) 
such that in the case 0/ < 7 + 2s < 1 , there holds 

(3.9) -(Q(5,/),/)l. >Cg\\f\\%s^^-C\\gh^JfrH^^^^ 

-C{\\ghi+CM\h)\\f\\h,^^ 

where rj < s depends on 7, s and 7 = I7 + 2|l^<o + I7 — 2|l^>o; 
And in the case of —1 < 7 + 2s < 0, there holds 

(3.10) -(Q(g,/),/)i. >Cg\\f\\ls^^-C{\\gh^^^ + \\g\\j )||/||?,.^^ 



with rj < s. 
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We omit the proof here. Usmg this lemma with g — fiF, f — WiF^°'\ then in 
the case of < 7 + 2s < 1 we have 

(3.11) M/i^i") +co||Tyz+,/2FM||l,. <C(||mM/^F|U. +C||MF||i.)||M/,+,/2FM||i. 

+ C||MW|^|F|Ui|jM/,+^/2i^(")||2,,, 

where cq is a constant depending only on the bounds of ll/IUiogL- 

We now need the following interpolation inequality, for < 77 < s and any e > 0, 



Then 

Now choosing e = co/2, we have 

(3.12) vI;(0i") + |||H^,_,^/2FM||l,, 

<C{yW^FU. + WuFWl + \\t^W^,\Frl^'-''^)m+,/2F^-^\\h 
<C||W^,+^/2F(")||i. 
<C\\W,F^''^\\l2\\Wi+^f(-"'>\\l2, 
where we used the fact 

(ll^i^^i^lU. + iimfiiI. + ii^i^i.iFii^//^-")) < a 

We remark here when considering the above inequality, we could obtain, for exam- 
ple, 

\\fiW^F\\Li < C\\WiF\\l2 = C\\f\U-.t,Lp^o,r < C, 

due to Definition 11.11 about the smooth Maxwellian decay solution. The rest two 
terms could be considered similarly. 

In the case of —1 < 7 + 2s < 0, using the similar method we obtain 

(3.13) ^ff+c,\\Wi+,,^F^-^\],. 
<C(||AiW^I^|F|Ui + \\yW\^\F\\^.)\\Wi+^/2F^'^^\\l, 

+ C\\^JiW-,+2F\\L^\\Wl+^/^F^^'> Wl^ 
<C||W^,+^/2F(")||l,„ + ||M^/+^/2F(")||i. . 

On the other hand, in order to estimate ^if'^"^ with < 7 + 2s < 1 we need the 
following commutator estimate: 

Lemma 3.2. There exists a C > such that 

(3.14) \{WiQ{g,f)-Q{g,Wif),h)^,\<C\\g\\LiJ\J\\L^J\h\\L2. 
Proof. Firstly the Taylor formula yields 

\Wi - W;\ <C\v - v'\Wi-i{tv' + (1 - t)v) < Csin(^)|« - v^iWi-i + Wl_^) 
<Ce\v - v,\{Wi_i + Wi^i.,) < C0\v - v,\Wi.iWi.i,, , 
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where r e [0, 1] and we used Lemma 2.3 in [3]. Notidng that 7 + l>7 + 2s>0, 
we have 

' {WiQ{gJ)-Q{g,Wif),h)^, 

b{cose)\v - w*r5*/(W^; " Wl)h'dvdv^da 
bicos9)0\v - v,\'>+^\{Wi-ig)-,\\{Wi-if)\\h'\dvdv^da 
b{cos9)e\(Wi+^g)^\\{Wi+^f)\\h'\dvdv^da 
&(cos e)0\{Wi+^g)^ 1 1 {Wi+.yf)\'^dvdv,da) 
b{cose)9\{Wi+^g),\\h'fdvdv,day^'^ 



□ 



<C 

<c 
<c{ 



<C\\g\\LiJ\f\\qJ\h\\L^. 



Now set g ^ ^F, f = and h = W/F("). Then in the case of < 7 + 2s < 1 

we have 



(3.15) 



(0,a)| 



< 



<C||Tyz+^F(")|U.||iyzF(")|U2. 

In the case of — 1 < 7 -f 2s < 0, we recaU Corollary 2.1 in [4]: 

Lemma 3.3. Let Ni = \N2\ + jiVs] + max{|TO - 2|, |m - 1|} and Ni = N2 + N3 
with N2, N3, m S M. Then if Ni > m + 7 and < s < 1/2, one has 



(3.16) 

where t] < s. 



N2 ' 



N3 



We remark here the result of Lemma 13.21 is included in Lemma l3.31 but the pro- 
cess will be more simple if we use Lemma [3.21 in the case of < 7 + 2s < 1. 

In order to estimate ^^'^2"'' i^i the case of —1 < 7 + 2s < 0, using Lemma [5T51 with 
g = /^F, / = and h = WiF^°'\ and setting m = I, N2 = I + 7/2, N3 ^ 7/2, 

then iVi = 2^ + I7I — 1, and we have 



(3.17) < C\\^,W2l+^,^_,Fh^\\W^^,/2F^'^^\ 

<C\\Wi+^/2F^"'>\ 

Together with ([STTS]) and ([3l7l) we obtain 



2 



2 



(3.18) 



(0,a) 



<a||W^z+^/2F(")|||„ + ||M/,+^/2FM| 



L2 



2 

L2 
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Choosing e = co/2, we have 



(3.19) + ^\\Wi+,/,F^"^\l. < C\\Wi+,/,F('^^\l. 

We mention that in the case of < 7 + 2s < 1 we wiU obtain the same estimate on 

as above, by means of p.l2p and ()3.15p . 
Thus we obtain with — l<7 + 2s<l: 



(3.20) 



<c\\fms ll/WIU — Kt,l + l.p,a,r- 



In order to estimate the term 4'^" {a' ^ 0), we decompose in the case of 



< 7 + 2s < 1: 



{a' ,a") 



= (g(A*F("'),F("")),w^2iF(": 



(Qi^lF<•"'\WlF'^''"^),WlF^''^ 

WiQ{fiF^"'\F^°'"'>) -Q{fiF^°''\WiF^''"'>),WiF^°''>'^ 



(a', a") 



As for the estimate on ^^"a''" "\ setting g = /iF^"'), / = F^""), and /i = 
in the Lemma 13.21 then we have 



(a', a") 
1,2 



In order to estimate ^i^^'"^ , we need the foUowing upper bound estimate (see 
Proposition 3.6 of 

Lemma 3.4. Let 7 + 2s > and < s < 1. For any cr G [2s — 1,2s] and 
p G [0,7 + 2s] we have 



{Qif,9), 



Next, we use this lemma with / = ^F^"'), g = WiF'^°'"\ h = WiF'^°'\ p = 7 + 2s, 
and a = 2s. Then by setting /3 = 1 — 7 — 2s > 0, we have 



+ C\\W,F^''"> II \\l2 \\Wi+iF^'''> 

in view of 2s < 1 and 
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Then 



{a' .a" ) 



< 



(a'W') 
1.1 



{a' .a") 
1:2 



<C\\WiF'^'''^ \\l2 II VK,+iF("") \\l2 II VKz+i_/3^^(") ||i2 
+C|| VK,^^("') II VK,f(""+i) \\l2 II W^i+iF(") \\l2 . 

On the other hand, if — 1 < 7 + 2s < 0, we will estimate -* by using the 

following result: 

Lemma 3.5. Let < s < 1 and —1 < 7 + 2s < 0. For any p G R and m ^ [s — 1, s], 

there exists a C > such that 



(Q{f,g),' 



< 



c{\\fh 



p+ + (7 + 2. 



, +ll/||^i)ll.9||^„,a.{, + ™.(..-l + .,+ }||/l||ff=- 



For the proof of the lemma we refer to Proposition 2.1 and Proposition 2.9 of 
[B]. We use it with / = ^iF^°''\ g = F^°'"\ h = VFa/F^"', p = ^ - 7 - 2s, and 
m = s. By setting /3 = 1 — 7 — 2s > 0, we obtain 



<C(||a^f("')|L. + |iMi^("')|| 3)||1^zF("")||^.= 



X \\Wi+i.pF^'^^h2^^^ 
<C||W^zF("') IU2 ||t¥z+iF("") IU2 II W^,+i„^f(") IU2 
+ C||M^zF("') IU2 ||Ty,f^(""+i) 11^2 ||l¥z+iF(") IU2 . 

Notice that we have same estimate on ^f^" '' in the two cases of < 7 + 2s < 1 

and -1 < 7 + 2s < 0. 

Since the Holder inequality yields 



\Wi^^Gh2 < ||G||^,||TyiG|| 



L2 ' 



we have 

(3.21) |vl/("'^"")(<)| <C||W^,f^("')|U2||T4^,+iF("'')|U2||M/,+iF(")||^I^||M^zF(")||^, 

+ C||T4^,f("') IU2 ||T4^,f(""+i) 1^2 1| 1^2 
=J^"''""^(i) + J^"'^""Ht). 

Thus under the assumption —1 < 7 + 2s < 1 we obtain the estimate for 
^[°'''°'"\t) with a' ^ as follows: 
(3.22) 



I j(«''«")(t)| ^ ^{(«' _ ry.riia" - r)\r 



{(a-r)!P 



{(a - r)lY 



X 11/(0 l|5-Kt,i,P,a',r||/(i)||5_«t,,,p^„,J|/(t)||5-Kt,i+l,p,a",r|l/(<)ll5-ftJ+l,p,a,r' 



and 
(3.23) 



{(a-r)!}2'' - {(a-r)!}"^ 

X ||/(t)IU ll/WIU — Ki,^ ,p,a" + l,r 
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Now we have completed the estimates for \I''°'"''(t), \t), and 4*2" \t). 

The rest proof of Lemma 12.11 is similar as in [I] . We give a brief outline here for 
the self-containedness. 

First we refer to Proposition 3.1 of [I]: 
Proposition 3.6. If i' > I and 2 < r e N then there exists a constant B > Q 
depending only on n and r such that for any a G Z" 

V- ^! {{a'-r)\r{{a"-r)\r ^ ^ 
^'^ ' ^ a'\a"\ {{a-r)\Y 

Furthermore, if v > 1 and r > 1 + v / {v — 1) then there exists a constant B' > 
depending only on n, v and r such that for any 7^ a G Z" 

{ic^'-r)ir{{a" + l-r)ir ^ ^, 
^ a'!a"! {{a - r)iy " 

Now we consider the second term of the right-hand side of p.3p . We consider 
firstly 

rs2fi^ f /^""'^"(^) , {{a'~r)ir{{a"-r)ir 

^' ' jQ{{a-rW ^ ~ ^ a'\a"\ {{a ^ r)\Y 

— KT.l.p.a'.r \\f{r)\\8 \\f{r)\\s dr 

Ja 

E + E 

min{|Q' I , |a" I ) <3r inin{ |q' | , |ck" | ) >3r 

We mention that 3r < |a| < N. Letting 

A = Ar,„{f)^ sup max \\f{t)\\s-Kt,l,p,a',r , 
te[0,T] |a'l<3r 

we obtain 

M-<Cb(^ f \\f\\l,,,^iT)dT + s sup r||/(r)|lL..,z+i.p,„,.rfr 

^ 4£ Jo 3r<|Q|<7V Jo 

and 

M^<Cb(^ f\\f\\l^,,^^iT)dT + e sup /VwilL..,;+i.p.a,.dT) , 

Jo 3r<|Q|<7VJO ^ 

for any e > 0. Taking a sufficiently smaller e < k, we have 

(3.27) f i'T^^\ni dr <C. [\\\f\\l,r.Nir) + ll/llf,p,..^(r))dr 

Jo il" 'M JO 



100 3,-<|q|<7V Jo 



sup / WfirWs^^rA + l.n.a.rdT ■ 
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As for the integral including J'" in p.3p . we get 



{(a - r)\Y- - Jo ^J^^^„ a'\a"\ {{a - 

' ^ a\ p^l"l|ji"'"")(t)| 

a=a'+a", a' ^ ^ ' 

We notice that the integral including '"^ ^ has the same estimate as the estimate 
p.27p . On the other hand, the last factor of p. 221) is bounded by 

£(ll/WllLKt,i+i,p..".. + ll/WII' 

+ Ce||/Wll'%,p,.',.ll/WllL«M,P,«,.' 

for any small e > 0. Then the integral including J^"^ ■* is bounded by 
t 



(3.28) C.y^ (ll/llU^(r) + 11/11?;,;^^/^ 



100 3r<|Q|<Ar Jo 



sup / \\!{r)\\^-nr,l+\,p,a,AT ■ 



So we have 



K /■* 

iUU 3r<|Q|<7V Jo 

where we used the fact 4 < 2(1 + Together with ([331), dS^lOl), (1X27)) and 

p.29p we obtain finally 

(3.30) 

ll/(*)ll5-Kt,;,p,a,r + Co {(q, _ j.yj2u ^ ^'^ 1 1 / ('^ ) II 5-Kr,; + l,p,Q,r"'^ 

<ll/(0)||L,p,a,. + C. r(||/|lL,..^(r) + ||/||S;,^'/^(r))dr 



— sup / ||/(r)||5_^^^,+i dr. 

iUU 3r<|Q|<JV Jo 



This leads to the desired estimate (|2.4p including the extra second term of the 
left-hand side. This completes the proof of Lemma [2. II 
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